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Iteration of Triangular Matrices

By Lester J. Senechalle

1. Introduction. In order to calculate scalar functions of a matrix A4, it is de-
sirable to have a simple formula for the integral iterates A™ of 4. Such a formula
was first discovered by Sylvester [1], who expressed A" as, essentially, a divided
difference of the function f(z) = 2". However, Sylvester’s formula applies only to
the case where the eigenvalues of A are distinct; the case of multiple eigenvalues
was subsequently treated by Buchheim [2], and leads to confluent divided dif-
ferences.

In this paper we give an especially simple formula for A™ when A is an upper
triangular matrix. OQur algorithm yields only the upper right hand entry of A",
but this is adequate since every nonzero element of A" is in fact the upper right-
hand entry of the nth iterate of some triangular submatrix of A.

2. Notation. Let [a:;] be an m X m upper triangular matrix, so that a.,, = 0
if ¢ > j, and for any nonnegative integer n let [a{}] denote the nth iterate of [a;]
under matrix multiplication. The matrlx [a{P] is also upper triangular. Moreover,
[a7'] = [6:5), and [a; ™) = [2i=afi’ - au.

T\, -, M) isa cham of complex numbers, then C(A\;, - -+, ;) denotes the
set of all subchains which have \; as their first element and \; as their last element.
Ifk =2 2and 2 < k, then C;(A, -+, ) denotes the set of chains belonging to
C(M, -+, M) which have \; as their next to last element. Thus C(\y, --- , \) =
Ut Ci(n, -+ -, M) is a decomposition of C(A\;, -+, \) into mutually disjoint
subsets. For example, C(A, A2, As, M) = {(A1, M), (A, Aoy Na), (A1, A3, M),
()\1 ) A2 ) >‘3) )\4)} and C3(>‘1 ) A ) >‘31 >‘4) = {(Al ) A3 ) >\4)) (>‘1 ) )\21 >\3) >\4)}

Ify = (M, - -+, M) is a chain of distinet complex numbers and » is a nonnega-
tive integer, then ¢,.(v) denotes the divided difference [A; - -- N\ of the function
f(z) = 2" [3, Chapter 1]. Thus

k n
Qn('Y) Z k—— .
I v =)
J=1l;i#
In particular, ¢,(y) = 0for 0 £ n < k, and ¢,(v) = N\"if v = (A1). Furthermore,
if kb = 2, qn'(y) is defined as ¢,(y"), where vo= (M, oty M),
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If [a;;] is an m X m upper triangular matrix with eigenvalues \; = a,;, 1 £ 1 < m,
and if vy = (M= Ny, Nig, o0, Ny, = M), 8 = 2,080 (A, + -+, A), then = ()
denotes the product a;,:,0:,:, -+ @s,_,i, . For example, if

m =06 and vy = (A, s, N5, Ng),

then w(y) = ais@s0s . For each one-element chain vy, we define #(y) = 1.

3. Iteration of Triangular Matrices.

LemMa. If v = (M, -+ -, M), b = 2, 4s a chain of distinct complex numbers and
if n is a nonnegative integer, then g¢,'(v) + Me@a(v) = Gupa(7).
Proof. ’
k—1 ()\1 — )\k))\zn k—1 )\in
Qn+l('Y) - )\an('Y) = Z k = Z k—1 = in('Y)-

B GRCVES DR | GOV W)
J=1;j51 J=1;554
THEOREM. Let [a;j] be an m X m upper triangular matriz with distinct eigenvalues

N = ai, 1 =t = m. Then for each nonnegative integer n,

an = 2w (1))
YECA, *Ap)
Proof. If m = 1, we have Zyeml) 7(v)g.(v) = A", which is clearly a{{.
Suppose that m > 1 and that the theorem holds for matrices of order less than

m. We show by induction on » that the theorem holds for matrices of order m.
Since go(y) = O for each v in C(\;, -+, M), we have the result for n = 0.

Now assume the theorem for n. Then

m
+1) (n)
ai; = Zl a5 Qjm
=

mi( jm Z 7"(7)%»(7)) + Am Z 7"(’)’)%(’7)
YEC(A Aj YECN )

=1 ) 1A

mi( > W(v)qn'(7)> + M > T(7)ga(v)
7=1 \7€C;(A1* ") YECAL A
2 T(V)lgn (v) + Angn(7)]

YEC AL Am)

2 m(V)gn(y),

YEC (AL Am)

so that the theorem holds for » 4 1 and the proof is complete.

4. Extensions. The iteration theorem may be extended immediately to the case
where the matrix has multiple eigenvalues. We need only regard such matrices as
limits of those with distinct eigenvalues, and hence replace g,(v) in the formula
for ai¥’ by a confluent divided difference [3, p. 12-14].

The theoremn may also be extended to the case where n is negative and the
eigenvalues are nonzero. In fact, the lemma is immediate and only minor altera-
tions are needed in the inductive proof of the theorem.
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On the Evaluation of Certain Determinants

By Jean L. Lavoie

1. Abstract. Using the properties of the generalized Hilbert matrix and familiar
results from the theory of hypergeometric series, we evaluate the determinants of
certain matrices whose general terms are known explicitly. In certain cases it is
even possible to find the analytic expression for the general terms of the inverses.

2. Introduction. In this paper the matrices used are always assumed to be
n-square and 7 and j to be positive integers such that 1 < 7,7 = n.

The following elementary properties of determinants will be used:

(I) If K multiplies all the elements in a row (column) of a determinant it multi-
plies the value of the determinant;

(II) the determinant of a triangular matrix is equal to the product of the n
terms along the main diagonal;

(III) if A and B are two matrices then det(AB) = det(A) det(B).

We shall also need Gauss’s theorem [1, Theorem 18, p. 49]

a, b _T(e)T(c—a—b)
1) 2F‘< ¢ 1)“ T — aTc—b)

and the two following formulas, respectively from [1, example 3, p. 69] and [2,
equation 8]:

. <1 —a,a 1) 2-T(1/2)T'(c)
(2) 2 2]~ (¢ a c _a_ 1}’
c P<§+§)F<§_§+§>
and
l—nn+p+1,p+j it S T(n)T(p + 1)
(3) 32 1]=(=1)""(p +J)m

for j and n positive integers, 1 < j < n,p # —1, =2, ---, —(2n — 1).

3. Preliminary Results. Let a1, a2, -+, @, ; b1, be, - -+, b, be 2n distinct but
otherwise arbitrary complex numbers. Then it is well known [3, example 3, p. 98]
that the determinant of the matrix H = (hs;), hi; = (a: + b;) " is

1'2"'-’7,'
I (& —a)b — be)
det(H) = " :

II (a:+0)

1,7
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